This paper presents a modelling framework in which the local stress environment of airway smooth muscle (ASM) cells may be predicted and cellular responses to local stress may be investigated. We consider an elastic axisymmetric model of a layer of connective tissue and circumferential ASM fibres embedded in parenchymal tissue and model the active contractile force generated by ASM via a stress acting along the fibres. A constitutive law is proposed that accounts for active and passive material properties as well as the proportion of muscle to connective tissue. The model predicts significantly different contractile responses depending on the proportion of muscle to connective tissue in the remodelled airway. We find that radial and hoop-stress distributions in remodelled muscle layers are highly heterogenous with distinct regions of compression and tension. Such patterns of stress are likely to have important implications, from a mechano-transduction perspective, on contractility, short-term cytoskeletal adaptation and long-term airway remodelling in asthma.
Introduction
One of the principal causes of airway narrowing in asthma is the contraction of smooth muscle cells lining the conducting airways King et al., 1999; Latourelle et al., 2002) . In chronic asthma, repeated episodes of intense inflammation are thought to cause smooth muscle proliferation (Hirst, 2000; Hirst et al., 2000; Panettieri, 1998) leading to marked thickening of the airway wall, which in turn, is believed to lead to increased contractility. While the functional significance of increased smooth muscle mass has been investigated theoretically (Lambert et al., 1993) , previous studies have typically relied on the Young-Laplace approximation which is applicable only to thin-walled structures. We present here a more detailed mathematical model that allows investigation of the effect of airway wall thickening on both the macroscopic contractile response as well as the local stress environment of the airway smooth muscle (ASM) cell. This model also provides a framework for linking events occurring within the ASM at the molecular level to tissue-level behaviour.
A significant number of experimental studies aimed at understanding airway hyper-responsiveness have focussed on strips of smooth muscle tissue (Fredberg et al., 1999; Latourelle et al., 2002 ; * Corresponding author. Tel.: +44 115 8467912.
E-mail address: bindi.brook@nottingham.ac.uk (B.S. Brook). Bates and Lauzon, 2005; Oliver et al., 2007) . While the conclusions from these studies have been crucial for illuminating many aspects of force generation and contraction in airway smooth muscle, patterns of stress distributions in the tissue strip resulting from smooth muscle contraction may bear little relation to the airway in vivo due to loss of the correct morphology.
Experimental methods to understand the role of ASM in asthma, in which the morphology is maintained, have been developed by Dandurand et al. (1993) and involve agonist-initiated contraction of ASM in preparations of rat and mouse lung slices. Simultaneous measurement of airway calibre changes with visualisation of Ca 2+ signalling was pioneered by Sanderson and co-workers (Bergner and Sanderson, 2002; Perez and Sanderson, 2005 ). An advantage of this approach over investigation of isolated myocytes is that, as far as is possible, the ASM cells are in an environment that still closely resembles that found in vivo, enabling cellular and extra-cellular signalling events to continue, as well as providing the passive extending forces generated by elastic recoil of the surrounding parenchyma (Seow, 2007) . The methods allow study of normal airway contraction and relaxation as well as provide data for validation of multi-scale models that attempt to relate subcellular events to macroscopic mechanical behaviour of tissue and whole airways.
The extent to which an airway constricts is in part determined by a balance between the forces generated by the ASM and the structural properties of the airway wall and parenchyma. Several modelling studies have considered the interaction of contractile force in ASM and the influence of parenchymal tethering on airway narrowing (Latourelle et al., 2002; Lauzon, 2005, 2007) , the effect of airway remodelling and implications for force generation and changes in airway calibre (Wiggs et al., 1990; Lambert et al., 1993; Lambert and Paré, 1997) and the interplay between collapsibility and active airway narrowing (Gillis and Lutchen, 1999; Affonce and Lutchen, 2006) . others (1977,1978) and Wilson (1972) have developed detailed continuum models for the parenchyma, incorporating non-linear strain-energy functions which have been validated against experiments involving artificial holes in parenchymal tissue. While these models give invaluable information on pre-stressed states and effective elastic moduli, few continuum models incorporate both the airway wall and parenchymal deformation. Indeed most authors who consider parenchymal interdependence have assumed that the hoop stress generated in the airway wall may be related to the resultant radial stress via the Young-Laplace approximation for thin-walled structures. This may be sufficient for an airway of normal thickness, but there is strong evidence that in asthma the mucosal and adventitial (ASM-containing) layers are significantly thickened (Kamm, 1999) .
Histological examples of such airways may be seen in the study of Ballantyne et al. (2007) . Indeed one might expect a remodelled (and perhaps stiffer) airway to be more resistant to constriction. The model of Wang et al. (2008) is among the first to incorporate detailed force generation mechanisms at the molecular level in ASM with macroscopic elastic behaviour of surrounding tissue. This study, however, was focussed on understanding the differences between pulmonary arteriole and ASM contraction in lung slices, assuming an infinitesimally thin force-generating layer at the inner boundary of an axisymmetric, linearly elastic plane-stress model of the surrounding tissue.
Another important determinant of airway calibre is the extent of buckling of the epithelial or mucosal layer that occurs during ASM contraction as a result of the relatively stiff and inextensible basement membrane and subepithelial collagen layer bending in preference to stretching or compressing (James et al., 2008) . Modelling studies by Lambert et al. (1994) and Wiggs et al. (1997) showed that application of increasing contractile force within a muscular layer first generates axisymmetric deformation of the layer followed by buckling into multiple folds.
In this paper we use a simple linear elastic continuum model of an annulus of tissue containing connective tissue and ASM cells, embedded in parenchymal tissue, in both lung slices and intact airways, to gain insights into the mechanical environment of ASM cells in the airway wall. Through appropriate approximations and choice of boundary conditions, we formulate models for both the experimental lung-slice and an airway in the equivalent in vivo situation. By comparing results from the two models we seek to infer in vivo behaviour via the lung-slice behaviour.
In a significant departure from previous studies, here we explicitly model the muscle cells as fibres embedded circumferentially in the tissue matrix of the inner layer. This allows us to use the theory of fibre-reinforced elasticity within a continuum approach. We focus on the elastic behaviour of the muscle layer given an active contractile force assumed to act in the direction of the fibres (rather than as a radial tension balanced by normal forces in models such as those of Lambert et al., 1993 and others) . Central to this model is thus the ability to model force, generated by individual cells, as a contractile force density distributed across the muscle layer. We focus only on the initial axisymmetric deformations prior to the onset of buckling; airway properties in this regime can then be captured with a relatively simple analytical model. Furthermore, within the muscle layer we separate the passive properties of connective tissue from the passive and active properties of the muscle cells so that, although it is a composite layer, the effect of the different components on contractile behaviour (over short timescales) and remodelling (over long timescales) may be described. By testing our model against experimental lung-slice data, we are able to estimate the contractile force density in the presence of agonist, and we predict stress distributions throughout the airway wall. Another important departure from previous studies is that we are able to predict quasi-steady configurations given any contractile force, which is of course generated at the molecular level (Fredberg et al., 1999; Mijailovich et al., 2000) ; the model does not rely on the notion of an isometric force-generating capacity that depends on a static force-length curve (Lambert and Wilson, 1973; Lambert and Paré, 1997) . Although we do not take dynamic effects into account (which are such a distinctive feature of ASM (Fredberg et al., 1999; Mijailovich et al., 2000; Latourelle et al., 2002; Oliver et al., 2007) ), the model provides a framework into which any molecular-level model capable of predicting force generation or short-term force-modifying cytosketal adaptation may be inserted, and within which one may take account of long-term airway remodelling.
Methods

Lung-slice experiments and image analysis
The lung-slice technique has been discussed in detail elsewhere (Bergner and Sanderson, 2002; Bai and Sanderson, 2006; Perez and Sanderson, 2005) . Briefly, mouse lungs are inflated by injecting liquid agarose through the trachea followed by an injection of air to clear the airways of agarose, and the trachea is clamped to seal the lung. The agarose is subsequently solidified by reducing the temperature. The individual lobes of the lung are isolated and cut into serial sections. Experiments are performed on lung slices containing airways cut in cross-section that have a lumen that is free of agarose and is completely lined by epithelial cells showing ciliary activity. The slices are placed on cover glasses, held in position by a nylon mesh, and viewed by phase-contrast microscopy via a small hole in the mesh; the effect of the mesh holding the slice in place is to prevent movement of tissue at the edges of the slice (and effectively the field of view). Different agonists, at different concentrations, are applied to the slice, to induce airway contraction within 5 min to generate a concentration-contraction response curve. Images are captured in time-lapse (1 frame/2 s), and stored in TIF stacks of several hundred frames. Images at two different time points (12 and 44 s) after application of agonist from one such experiment are shown in Fig. 1(a, b) .
To compare solutions from our theoretical model with results from lung slice experiments we use image analysis based on the techniques of Malcolm et al. (2002) and Adler et al. (1998) to extract relevant tissue displacement data from images of agonist-intiated airway contraction in a murine lung slice (Fig. 1) . Interpretation of the displacement data may be facilitated by considering the schematic shown in Fig. 1(c, d) . Extracted data from one such experiment (see Fig. 4 (a) below) show displacement measured along one radial spine as a function of radial distance (measured from a nominal centre) at different time points after addition of the agonist methacholine (MCh). Briefly, a finite-element geometric mesh was constructed from an image of the relaxed airway as shown in Fig. 1(a) . Using Fourier transform cross-correlation, the displacement vector of material points between two consecutive images obtained at 4 s intervals during contraction was calculated. The displacement vector was assumed to be the average displacement of a region defined by a sub-image of 36 × 36 pixels. These data were then used to compute the deformation of the geometric model, yielding the displacement along one radial spine. The resulting deformation of the finite-element mesh over time during the contraction is shown in Fig. 1(b) . To compute the deformation of the finite element-mesh we used the program CMISS developed by the Bioengineering Institute Auckland (http://www.cmiss.org).
Mathematical model of airway mechanics and remodelling
We assume that both the lung slice and intact airway can be represented theoretically in two dimensions. This means that either (a) the tissue is a thin sheet, with small thickness, and is loaded only in the plane of the sheet (for which a plane stress solution is applicable), or (b) the tissue is very long in the axial (z) direction, is prevented from stretching parallel to the z axis, and every cross-section is loaded identically but only in the plane normal to this axis. In this case a plane strain solution is applicable (Humphrey and DeLange, 2004) .
In general, the typical length of an airway (3-4 times its diameter) is much larger than the typical thickness of the airway wall (a tenth of the airway diameter), and a plane-strain description is appropriate. For a lung slice as used in experiments (see above), approximately 75-150 m thick, we make a plane-stress assumption. In the analysis that follows we accomodate both cases.
We use a cylindrical polar coordinate system (r * , Â, z * ) (see Fig. 2(a) ), denoting dimensional quantities with an asterisk. Assuming axisymmetry and no rotation, in either the plane-strain or plane-stress approximation, the stress and strain within the elastic material may be represented by three components of stress * rr , * ÂÂ , * zz and three components of strain e * rr , e *
ÂÂ
, e * zz . Here * ij is the component of stress in the i direction acting on a surface whose normal points in the j direction. The actions of radial and circumferential (or hoop) stress components * rr and *
on a material element of tissue are illustrated in Fig. 2(a) . Under plane-stress conditions for the lung slice, the axial component of stress * zz = 0 but the axial strain e * zz is non-zero. Under plane-strain conditions for the airway in vivo, e * zz = 0 but the axial stress * zz is non-zero.We denote material displacements in the r * direction by u * .
We model the airway or slice as a two-layered structure, with a layer of muscle surrounded by parenchyma ( Fig. 2(a) ), and work within the small-strain framework of linear isotropic elasticity (Wilson, 1972) . For simplicity we represent the force-generating layer as a homogeneous combination of mucosal and adventitial tissue, assuming also that the stiffness of the basement membrane and subepithelial collagen contributes to that of the inner layer. As mucosal folding studies Wiggs et al., 1997) indicate, in the early stages of constriction, deformation is axisymmetric while the contractile force is small and the force has to increase beyond a threshold for buckling to take place. Thus within the linear elastic regime, which is valid only for small deformations, and hence small forces, the assumption that the basement membrane and subepithelial collagen layer can be incorporated into the annular muscle layer is not unreasonable.
The inner radius of the muscular layer prior to the application of any stresses is R * i , the outer radius of the muscle layer is R * o = R * i + h * , the outer radius of the parenchymal layer is R * p ( Fig. 2(a) ) and we assume that initially all stresses within the tissue are zero (no pre-stress), although the model can be used to mimic non-zero pre-stress as we explain below.
We assume the parenchymal (muscular) tissue has Young's modulus E * p (E * m ) and Poisson ratio p ( m ). In practice 0 ≤ m ≤ 0.5; the upper limit is for incompressible material and in general m / = p . We denote stresses and strains in the parenchymal (muscular) tissue with the superscript p (m).
We assume that the inner boundary is stress-free and that deformation occurs due to an actively generated tension F * in the muscle fibres lying in a circular arrangement in the inner layer. This forc- ing is incorporated into the constitutive law as a "reaction" stress (Spencer, 1972) . Tethering of the muscular layer to the parenchyma is enforced through the continuity of radial stress (denoted T * o ), and radial and axial displacement at r * = R * o . Two boundary conditions will be considered for the outer edge of the parenchymal tissue at r * = R * p , depending on which model is being analysed (lung-slice or airway in vivo). Either the tissue is assumed to remain fixed, as is representative of a lung-slice preparation on a slide that is held in place by a mesh, or an axisymmetric radial stress T * p is applied as is representative of an airway in vivo subject to pleural pressure.
In order to solve the linear elasticity problem, we need to solve three sets of equations, based on well-established theory (full equations are given in Supplementary Material), subject to the boundary conditions discussed above. These are:
(i) equilibrium equations that are derived from conservation of momentum arguments and provide relationships between the radial and circumferential stress components * (k)
(ii) a displacement-strain relationship which relates the displacement of a point in an elastic material (u * (k) and w * (k) ) to the strains (e * (k)
rr and e * (k) ÂÂ ) at that point;
(iii) a constitutive law relating the stresses * (k) rr and * (k) ÂÂ in the material to the strains e * (k)
rr and e * (k) ÂÂ .
The consitutive law describes how the stress is related to the strain through the material properties of the tissue (Young's modulus and Poisson ratio). The continuum description of our model may be represented schematically by Fig. 2(b-c) which shows the components in, and acting on, material elements of tissue from the parenchymal and muscle layers. The simplest constitutive law is that for the parenchymal layer ( Fig. 2(b) ) in which we assume the material is isotropic and homogenous. The passive elastic components in both the radial and circumferential directions are represented as springs (for the purpose of this simplified representation) with the corresponding Young's modulus representing a spring stiffness. Fig. 2 (c) shows a material element from the muscle layer which may consist of both connective tissue (non-contractile cells such as collagen) and muscle cells, with corresponding stiffnesses. E * mc (E * ma ) is the Young's modulus of passive connective tissue (active smooth muscle) cells in the muscle layer.
Having separated the passive properties of connective tissue cells from the passive and active properties of smooth muscle cells, and assuming the components act in parallel (see Fig. 2 (c)), the Young's modulus of the muscle layer can therefore be expressed as
measuring the effective stiffness of the composite layer. Here (resp. 1 − ) is the fraction of the muscle layer area made up of smooth muscle cells (resp. non-contractile tissue). is assumed to be uniform in this study. A component representing the active contractile machinery generating a contractile force is also shown in Fig. 2 (c). F * is the contractile force density (i.e. force generated by smooth muscle cells per unit area of smooth muscle cells present) acting in the direction of the circular fibres and thus contributing only to the hoop stress * (m) ÂÂ
. A contractile force is represented by a positive value for F * . An increase in force density could represent an increase in sensitivity to agonist, or an increase in agonist concentration.
It is convenient to normalise the lengths and displacements with respect to the internal airway radius R * i and stresses with respect to muscle layer stiffness E * m , writing dimensionless variables without asterisks. We define = h * /R * i (which measures the thickness of the muscle layer), so that R * o = R * i R o , where R o = 1 + . Normalisation of the governing equations reveals the following dimensionless parameters: the pleural pressure
; the normalised contractile force density is given by
and the stiffness of the muscle layer relative to the parenchymal layer is given by
We now consider how we might describe different types of airway remodelling through variation of the model parameters. The crosssectional area of the muscular layer is given by
The number of muscle cells, N ma , and connective tissue cells, N mc are thus given by
where A * mc (A * ma ) is the cross-sectional area of an individual connective tissue (smooth muscle) cell, assuming N * ma A * ma + N * mc A * mc = A * . As the thickness of the muscle layer ( ) increases, Eqs. (2a) and (2b) allow parametrisation of the relative stiffness of the two layers, , and contractile force density, F, by the area fraction of muscle cells, . The following simple situations may then be analysed:
(a) pure muscle cell growth, which requires that the number of connective tissue cells N mc remain constant as increases, giving from Eqs. (3a) and (3c)
where 0 and 0 are the initial values of muscle layer thickness and muscle cell area fraction prior to the initiation of remodelling events; (b) pure connective tissue growth, requiring that the number of smooth muscle cells N ma remain constant as increases, giving from Eqs. (3a) and (3b)
(c) balanced growth, which requires that remain constant as increases. For example, the value = 1/2 gives an effective Young's modulus for the muscle layer E * m = 1 2 (E * mc + E * ma ). Fig. 3 illustrates the effect of increasing on the area fraction of muscle cells and contractile force density F with initial values 0 = 0.1, 0 = 0.5 and F 0 = 0.1. For pure muscle growth, and F increase, while for pure connective tissue growth, and F decrease. Eqs. (2) and (4) thus determine how the contractile force density F and relative stiffness vary with increasing muscle layer thickness over long timescales. We will use these parametric variations to explore the range of possible outcomes as an airway remodels slowly by depositing smooth muscle cells, connective tissue or both.
The parameters contained within the constitutive laws may be thought of as quantities that either vary slowly with time (such as and ) and are involved in long-term remodelling processes, or quantities that vary over the timescale of a breath. For example the effective stiffness of the parenchyma E * p increases with lung volume through a breath (Hoppin et al., 1975; Stamenovic and Yager, 1988; Codd et al., 1994) ; we model this through changes in the value of = E * m /E * p , which thereby serves as an approximate representation of different pre-stress states. The observed or effective material properties of the parenchyma (E * p , p ), the Young's modulus of a muscle cell (E * ma ) reflecting cytoskeletal stiffening or softening in response to stress, and the contractile force density (F) are thus all parameters that could vary over short timescales. In all cases, we seek only quasi-steady stress and strain distributions, assuming that at each point in time all the parameters are effectively constant.
The governing equations are solved following standard techniques for linear elasticity (see Supplementary Material) subject to boundary conditions appropriate for the lung slice and the airway in vivo, to yield solutions for stress and displacements as functions of r. Estimates for the lengthscales and R p , material elasticity parameters , m and p , and applied stresses F and T p are obtained from the literature as discussed in Appendix A and summarised in Table 1 . Data from the literature suggest that at low transpulmonary pressure (which is equivalent to low lung volume), the ratio = E * m /E * p ≈ 100 whereas is closer to 10 at higher transpulmonary pressures, reflecting changes in the level of pre-stress in the parenchyma.
We compare model predictions with experimental data from a lung-slice experiment, obtained as described in Section 2.1 above, in Section 3.1. In Section 3.2 we present results for three baseline states (Table 2) having an incompressible muscle layer of thickness = 0.2, surrrounded by a softer compressible layer of parenchyma ( p = 0.3, = 10, R p = 10) representing either (i) muscular loading of a lung slice prevented from moving in the far-field, (ii) an airway in vivo under zero far-field normal stress (at low lung inflation), Table 1 Estimates for geometrical and material properties and applied stresses. Data are from literature as discussed in Appendix A. (iii) an airway in vivo under non-zero far-field normal stress (at high lung inflation).
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Results
Comparison with experiment
Representative experimental displacement data, obtained from lung slice experimental images shown in Fig. 1 using the methods outlined in Section 2.1, are compared with model predictions for a lung slice (case (i)) for two different parenchymal Poisson ratios, p = 0.1 and 0.3 (Fig. 4(a) ). The agonist-induced ASM force generation is modelled by increasing the value of the muscular tension F * . There is reasonably good agreement between the predicted displacement distributions and experimental data, particularly for small deformations. Airway contraction increases with force although the model increasingly overestimates the displacement in the parenchyma. This may be a consequence of the neglect of non-linear effects in the model. Although literature suggests that Poisson ratios for high lung volumes should be 0.3 or greater, in this comparison the model curves for p = 0.1 agree better with measured displacement. Non-linearity or the altered nature of the parenchymal tissue due to the presence of agar may lead to this discrepancy (see Section 4). The normalised force density (Eq. 2(a)) required to generate equivalent contractions was found to be F = 0.25, 0.5, 0.75, 1.0, 1.25. Taking E * m ≈ 10 kPa as measured for sheep , this translates to a dimensional contractile force density F * = 2.5, 5, 7.5, 10 and 12.5 kPa. The material parameters were obtained from mouse data reported in the literature (Faffe et al., 2002 (Faffe et al., , 2006 as outlined in Appendix A ( = 1.5, m = 0.5). The geometric parameters were measured from the lung-slice image, giving = 0.2 and R p = 5.
The corresponding predicted radial stress distributions are shown in Fig. 4(b) . The radial stress is positive throughout the muscle layer. An increase in F * causes a proportional increase in the peak stress at the muscle-parenchyma interface, which is discussed further below. Table 2 . A logarithmic spatial scale is used for clarity. For cases (i), (ii) and (iii), the displacements at the inner boundary are negative (Fig. 5a) indicating constriction, as expected on application of a contractile force (F * > 0). For case (ii), the airway in vivo, there is a small far-field inward displacement and the displacement at the inner boundary is less than for case (i), the lung slice. Application of an outward far-field pleural pressure (case (iii)) reduces constriction of the airway and leads to larger outward displacement in the far field of the compliant parenchyma (albeit only 3% of R * p ). If the normalised contractile force is decreased from F = 0.25, the constriction is reduced in all three cases (the displacement at the inner boundary being linearly dependent on F in cases (i) and (ii)).
Baseline states
Peak radial and hoop stress gradients arise at the muscle-parenchyma interface
The radial stress distributions in all three baseline cases are qualitatively similar (Fig. 5b) . High stress gradients are evident in the muscle layer, with the stress peaking at the interface followed by a gradual drop in the parenchymal layer. There is a non-zero far-field stress in the lung slice (case (i)) and the peak stress at the interface is greater than for case (ii). On the other hand, application of a nonzero pleural pressure (case (iii)) generates a greater peak in stress at the interface compared with both cases (i) and (ii). In all cases * rr > 0 in both layers, i.e. the tissue is under radial tension. Again the interface stress in cases (i) and (ii) is linearly dependent on F.
The hoop stress distributions in all three cases are also qualitatively similar (Fig. 5c) , the stresses being large (compared with the radial stresses) and positive in the muscle layer. The absence of active contractile force in the parenchymal layer gives rise to a , of −0.1 represents a contraction of 19% of the undeformed crosssectional area. The ratio of muscle to parenchymal stiffness is = 10 with the muscle layer (M) occupying 1 < r < 1.2, the parenchyma (P) 1.2 < r < 10. discontinuity in hoop stress at the interface. The hoop stress in the muscle layer is made up of contributions from the elasticity of the muscular tissue itself as well as the contractile force. The contribution from the passive element only (subtracting the normalised contractile force F = 0.25 from the total hoop stress in the muscular layer) is negative, as is the circumferential strain (not shown), indicating that the tissue elements in the muscular layer are compressed circumferentially. The parenchyma is under tensile hoop stress in its far field only in case (iii), due to the imposed outward radial forcing at r * = R * p . The interplay of active and passive contributions, along with the fact that each tissue element has to be in equilibrium with surrounding tissue elements, gives rise to further unexpected stress distributions which we investigate below. (Fig. 6) , for increasing values of = E * m /E * p , illustrate the effect of changing parenchymal compliance relative to the two baseline cases (ii) and (iii). E * m is held constant and an increase in represents a decrease in E * p , i.e. an increasingly compliant parenchymal layer. This occurs, for instance, during tidal breathing, as changes from low values at high lung volume (e.g. = 1) to high values at low lung volume (e.g. = 100). For = 1 and 10, the muscular layer experiences large radial stress gradients (Fig. 6b, d) , with qualitatively similar distributions in both cases. As the parenchyma becomes more compliant the peak stress at the interface decreases, and for = 100 in both cases there is a small region within the muscle layer near the inner boundary in which the radial stress is negative, implying that tissue here experiences radial compression. However, the relatively stiff muscle layer (large ) shields the parenchyma from large stresses (Fig. 6(b, d) ), although the whole tissue still sustains large strains (Fig. 6(a, c) ).
In case (ii), a more compliant parenchyma allows greater constriction of the airway (Fig. 6a) . While the same is also true in case (iii) (Fig. 6c) , the distributions are qualitatively very different, with far-field displacements positive and increasing with , in contrast to case (ii). In general, for the same contractile force, airways contract more at low lung volumes (high ) than at high lung volumes (low ) ( Table 1) .
Increasing muscle layer thickness initiates compressive radial stresses
Over longer timescales, chronic asthma leads to ASM hyperplasia and hypertrophy. We mimic this effect in the model by increasing the thickness of the muscle layer (Table 3) , maintaining the contractile force density F (i.e. the mixed growth curve in Fig. 3) , thus increasing the total force-generating capacity.
Graphs of the radial displacement (normalised with respect to R * i ) and radial stress (normalised with respect to E * m ) distributions (Fig. 7) , for parameter values shown in Table 2 , illustrate the effect of increasing the muscle layer thickness = h * /R * i , keeping the area fraction of muscle cells constant at = 0.5. As expected, as the muscle layer thickens, the extent of airway contraction increases in both cases (ii) and (iii). Application of pleural pressure (case (iii), Fig. 7c ) reduces the extent of contraction, as seen in previous examples. Again the relatively compliant parenchyma undergoes larger displacements in case (iii) (Fig. 7(c) ) compared to case (ii) (Fig. 7a) .
The radial stresses show dramatically different behaviour to baseline stress distributions as increases (Fig. 7(b, d) ). Although the positive peak stress at the interface is maintained in all cases, only the thinnest muscular layer sustains uniformly positive stresses (implying radial tension). As the muscle layer thickens, the radial stresses near the inner boundary switch from positive to negative, as foreseen in Fig. 6(b, d) . Thus muscle cells within the inner layer experience compressive or tensile stresses depending on their position relative to the inner boundary and interface. Peak negative (compressive) stresses within the muscle layer increase in magnitude with increasing ; in contrast, peak interface stresses show relatively little variation in magnitude with increasing .
We have calculated threshold values of muscle layer thickness ( ) and relative stiffness ( ) for which the radial stress gradient is exactly zero at the inner boundary (with the remaining parameter values as in Table 2 ); data are presented in Fig. S .1 in the Supplementary Material. For values of and above these calculated threshold values, radial stress distributions are negative in a region near the airway lumen, as in Figs. 6(b, d) and 7(b, d) . We find significant quantitative differences in the threshold values of and between case (i) and case (ii), with negative radial stress less likely to occur in the lung slice. For cases (i) and (ii), changes in the magnitude of contractile force density, F, affect stress magnitudes but not the threshold values. However for case (iii) an increase in F to 0.5 from the baseline value of 0.25 results in a reduction in the threshold values of . These results suggest that the stress environment within the muscle layer changes significantly for either increasing muscle layer thickness (elevated , as in chronic asthma), for increasingly compliant parenchyma (elevated , e.g. in emphysema), or for increased sensitivity to agonist (elevated F, as in acute asthma).
Thick muscle layers exhibit distinct regions of compression and tension
To further understand the effect of remodelling on the distribution of stresses within each layer, we show in Fig. 8(a, c) the radial and hoop stress distributions as functions of r for two thicknesses, = 0.2 and = 1, for the lung slice (case (i)). For = 1, the muscle layer may be divided into 3 distinct regions M 1 − M 3 . The dashed lines in Fig. 8(a, c) show the radii at which * ÂÂ switches from negative (M 1 ) to positive (M 2 , M 3 ), * rr switches from negative (M 1 , M 2 ) to positive (M 3 ) and the position of the interface. We illustrate the different stresses on an element in each region for = 0.2 and = 1.0 in Fig. 8(b) and (d) respectively. For = 0.2, * rr is positive everywhere (implying radial tension), while * ÂÂ switches from large positive values in the muscle layer to small negative values in the parenchyma (Fig. 8(b) ). The contractile force in a thin layer generates tensile stresses on elements in the muscle layer in both directions; the maximum hoop stress at the interface is substantially greater than the radial stress. In the parenchyma, tissue is under tensile radial stress and compressive hoop stress. The overall effect is to generate negative displacements causing airway narrowing.
In contrast, for = 1.0, three distinct regions arise as discussed above. A tissue element in M 1 is under significant circumferential compression ( * ÂÂ < 0) but weaker radial compression ( * rr < 0). The active component (F * ) of * ÂÂ pulling the faces of the element inwards is less in magnitude than the passive component of the element pushing outwards (like an internal spring in compression). In M 2 , an element is under significant circumferential tension while still being weakly compressed radially. Here the active component of * ÂÂ is greater than the passive component. Circumferential strain is negative and radial strain positive across both layers (data not shown) with maximum values at the inner boundary, the magnitude decreasing monotonically with radial distance, suggesting that despite being subject to different stresses, contraction of the ASM causes all the elements to squash circumferentially and stretch radially, with greatest shape distortion near the inner boundary. Although elements are lengthened in the radial direction, the radial stress is negative. This is a result of deformed elements in outer regions (particularly M 3 ) compressing the elements in the inner regions and is a consequence of the circular geometry; such an effect would not be seen in a planar strip of muscular tissue. In M 3 , elements are under tensile stresses in both directions (with the maximum hoop stress just inside the interface). Elements in the parenchyma are under compressive hoop and tensile radial stress of comparable magnitude.
The uniformly distributed force density F in the thickened layer causes active circumferential forces to exceed passive elastic forces in M 2 and M 3 , and the tissue in the inner-most region M 1 to experience the greatest strain. This compressive force will ultimately cause the inner layers to buckle, generating mucosal folding patterns as predicted for example by Wiggs et al. (1997) .
Comparison with the Young-Laplace approximation
Previous airway narrowing models have consistently used the Young-Laplace approximation, which states that the hoop stress in a thin membrane is directly proportional to the transmembrane pressure P * times the radius of curvature R * i . For the airway wall of finite thickness this approximate relationship is expressed by stating that the hoop stress averaged across the muscle layer, * (m) ÂÂ
is related to the transmural pressure P * and muscle layer thickness according to * (m) ÂÂ
We compare predictions of hoop stress obtained from the Young-Laplace equation with the distributed elasticity model in Fig. 9 , for the lung-slice (case (i)) with baseline parameters given in Table 2 . The ratio of hoop stress averaged across the muscle layer to the transmural pressure difference ( P * = * (m) rr (R * o ) = T * o , the radial stress at r * = R * i being zero), i.e. * (m) ÂÂ /T * o , is plotted as a function of muscle layer thickness, = h * /R * i . Analytical expressions for both the Young-Laplace approximation and the exact solution are given in Supplementary Material. There is a quantitative departure from the Young-Laplace prediction for thick muscle layers; more importantly, the averaged stress hides the large radial variation in hoop stress seen in the thick muscle layers (e.g. Fig. 8(c,  d) ). The diverging minimum and maximum hoop stresses * (m) ÂÂ /T * o , also plotted in Fig. 9 , illustrate the highly heterogeneous stress environment across thick muscle layers, which the Young-Laplace approximation fails to capture.
Different types of remodelling lead to varying contractile responses
We now consider the effect of increasing muscle layer thickness for the situations of pure muscle cell proliferation, pure connective tissue growth, and balanced growth (Fig. 3) for the lung slice (case (i)). The effect of the three different growth profiles (Fig. 3a) on the contractile force density F = F * /E * m (Fig. 3b) leads to the displacement of the inner boundary u * /R * i at r * = R * i as shown in Fig. 10(a) . For pure muscle growth, contractile force density increases (Fig. 3b) and the inner boundary displacement increases for increasing . for both the exact distributed elasticity solutions (solid curve) and the equivalent Young-Laplace approximation (dashed curve, Eq. (6)) for the lung-slice. The dot-dash curves show the ratio of minimum and maximum hoop stress to transmural pressure plotted as a function of muscle layer thickness. These ratios are also schematically depicted in Fig. 8(d) . All other parameters are as listed in Table 2 for case (i).
For pure connective tissue growth, however, the contractile force density falls rapidly (Fig. 3b) and the inner boundary displacement decreases in magnitude with increasing ( Fig. 10(a) ). The extent of contraction predicted for constant = 0.5 (Fig. 7(a, c) ) lies between these two extremes (Fig. 10) . The effect of the differ- ent growth patterns on the heterogeneity of stress distributions for = 1 are shown in Fig. 10(b) . Differences in both stress magnitudes and heterogeneity are striking, with pure muscle growth promoting significant heterogeneity. Thus different remodelling situations are predicted to lead to significantly different airway contractile response.
Discussion
Although a number of modelling studies have investigated parenchymal interdependence and the application of basic solid mechanics principles to understand some of the factors that influence the extent to which airways constrict in vivo, our understanding of how ASM cellular and subcellular interactions affect macroscopic tissue behaviour still remains incomplete. This work is an attempt to respond to the availability of multi-scale observations from experimental lung-slice techniques by developing a tissue-level mathematical model that provides a framework to which molecular-level force generation models may be coupled. We have thus developed an axisymmetric two-layer model of an airway wall to represent both lung slices and an intact airway in vivo, that resolves connective tissue and muscle cell properties within a composite muscle layer.
Stress heterogeneity and limitations of the Young-Laplace approximation
The most striking model prediction appears in radial stress distributions for decreasing parenchymal stiffness E * p (Fig. 6 ) and increasing muscle layer thickness (Fig. 7) . Above critical values of and , we find that both the radial and hoop stress distributions exhibit distinct heterogeneity (Fig. 8d) so that ASM cells within each of three distinct regions in the muscle layer may be subjected to significantly different localised stresses. Even without separation of the tissue types into three layers, as has been used in previous models (Lambert et al., 1993 among others), compressive stresses in the innermost region M 1 and tensile stresses in the second region M 2 arise naturally due to geometric effects. The magnitude of the peak negative radial stresses within the muscle layer increases with increasing muscle layer thickness and relative stiffness (Figs. 6 and 7) .
The functional significance of increased ASM mass has been theoretically investigated before but our model moves away from the Young-Laplace approximation for thin walls, which has also been applied to thick walls (by Lambert et al., 1993 among others) . We have shown that the Young-Laplace approximation overestimates the ratio of hoop stress averaged across the muscle layer to transmural pressure (Fig. 9) . More importantly, averaging of the hoop stress across the muscle layer hides the substantial radial variation in hoop stress seen in thick layers, ranging from large negative to large positive values (Figs. 8 and 9 ). As our ultimate aim is to understand how the local stress environment of the smooth muscle cell can affect either the amount of contractile force it can generate or its proliferative capacity, this level of detail becomes necessary. Prediction of stress distributions and thus determination of localised stress environments demands distributed elasticity models of the form we present here.
Possible long-term consequences of stress heterogeneity in vivo
The inflammatory or mechanical response of ASM cells to localised stress (Suki et al., 2005; Zhang and Gunst, 2008 ) may be to initiate increased proliferation with consequent implications for tissue remodelling on long timescales. Additionally, existing or new fibres may start to orient in one preferential direction depending on the predominant local mechanical stresses (Bischofs et al., 2004) , potentially affecting further response to mechanical loads. A positive feedback loop may thus come into play, where proliferation is initiated in response to stress (Panettieri, 1998; Hirst et al., 2000) , thus increasing muscle layer thickness and further increasing peak stresses (over long timescales). Indirect evidence of the effect of stress heterogeneity in vivo may be seen in the lung-slice images of chronically challenged sensitized mice (Ballantyne et al., 2007) . These show remodelled airway walls in which muscle cell proliferation appears to have occurred near the lumen while collagen deposition appears to have occurred at the interface between the muscle layer and parenchyma. This suggests that the gradients in stress that we predict with our model could have an effect on the type of remodelling that occurs in vivo.
Different types of tissue growth during remodelling
As the muscle layer undergoes remodelling, the rate at which smooth muscle cells proliferate may vary compared with connective tissue cell growth (Ballantyne et al., 2007) . Our composite muscle layer model allows us to account for differences in growth rate of muscle cells compared with that of non-contractile (connective tissue) cells. We showed how both the contractile force density F and the relative stiffness of the muscle and parenchymal layers may be parametrised by the area fraction of muscle cells . If only muscle cells proliferate while keeping the number of connective cells constant (Fig. 3a) , the model predicts an increase in contractile force density (Fig. 3b) and consequently increased contraction (Fig. 10a) . Connective tissue growth alone predicts a small decrease in contraction (Fig. 10a) as the contractile force density falls (Fig. 3b) , in contrast to previous modelling studies (Lambert et al., 1993; Affonce and Lutchen, 2006) . The extent of contraction predicted by the model for a constant (and consequently a fixed proportion of smooth muscle to connective tissue) lies between the extremes of pure muscle or pure connective tissue growth (Fig. 10) . We have thus shown that different types of remodelling are likely to give rise to significantly different outcomes in terms of contractile response and stress enironment. These results lend credence to some theories suggesting that airway remodelling may provide a protective mechanism limiting the amount of airway narrowing (e.g. McParland et al., 2003; Niimi et al., 2003) but our model shows that this depends crucially on the specific amounts of growth of the different cell types. In reality, will be a varying function of time and radial distance from the lumen, and itself depend on the local stress environment. Identification of this relationship (through, e.g. the work of Panettieri, 1998 and Hirst et al., 2000) would provide a powerful way of investigating the potential feedback mechanisms discussed above.
Possible consequences of stress heterogeneity on short timescale events in vivo
The material properties of airway tissues can change on short timescales in two ways. First the effective stiffness of the parenchyma (E * p ) changes during tidal breathing; at low lung volumes, the parenchyma is significantly more compliant than the muscle layer (E * p ≈ 2.5 kPa (Lambert and Wilson, 1973; Hoppin et al., 1975) compared with E * m ≈ 20 kPa ) but stiffer at high lung volumes. Second, cells in the muscle layer exhibit cytoskeletal stiffening (Smith et al., 2003; Deng et al., 2004) or softening (Krishnan et al., 2008 (Krishnan et al., , 2009 ) in response to the local stress/strain environment and increased contractile force (Stamenovic et al., 2004; Stamenovic, 2008) ; this leads to increased muscle cell stiffness E * ma and hence muscle layer stiffness E * m . Consideration of changes in the ratio of muscle layer stiffness compared with parenchymal layer stiffness in our model is an attempt to include such effects from a macroscopic viewpoint. We find that for decreasing parenchymal stiffness, such as occurs during tidal breathing, the contractile force generates greater relative constriction ( Fig. 6(a, c) ). In contrast we find that, for increasing muscle layer stiffness E * m , such as occurs through cytoskeletal stiffening (assuming the increase is independent of the contractile force density, F * ), boundary displacement decreases with increasing muscle layer stiffness (data not shown) for the lung slice (case (i)) and airway in vivo (case (ii)). Qualitatively the stress distributions for increasing muscle layer stiffness show similar heterogeneity to the solutions for decreasing parenchymal stiffness E * p (Fig. 6(b, d) ).
These changes in relative stiffness in vivo, occuring on short timescales, could lead to feedback loops, suggested in the literature, relating increased stiffness of the ASM layer to increased inhibition of bronchodilation even on taking a deep inspiration in asthmatic subjects (King et al., 1999; Oliver et al., 2007) . Reformulation of our model could enable investigation of such feedback by allowing, for instance, the stiffness of the muscle cell (a cytoskeletal stiffness) to be a function of the local stresses and contractile force. The increased stiffness of the ASM has been attributed to the inability of the imposed force fluctuations (during tidal breathing and deep inspiration) to perturb myosin binding within the muscle cell at a molecular level (Fredberg et al., 1999; Mijailovich et al., 2000; Oliver et al., 2007) and more recent evidence that points to the inability of the cytoskeleton of a contracted ASM cell to soften, remaining instead in a stiff solid-like phase (Trepat et al., 2007; Nguyen and Fredberg, 2008; Krishnan et al., 2008) .
Existence of pre-stress
The zero pre-stress state that we assume in our model is not entirely accurate for either the lung slice or airway in vivo because agar left in the alveoli keeps the lung slice expanded almost to total lung capacity, like a breath-hold at high lung volume would in vivo. This suggests that, prior to application of any stresses through ASM shortening, there may already be an existing non-uniform stress distribution. This pre-stress would not be an isotropic homogeneous state but is likely to involve radial dependence in its simplest form. A perturbation about this state would yield a linear but anisotropic inhomogeneous elasticity problem (reflecting the nonuniformity of the base state) (Whiteley et al., 2007) . Strictly, our model is a perturbation about the zero stress-state with isotropic homogenous material properties. In practical terms, however, our model can also serve as a useful approximate description of perturbations about inhomogenous pre-stressed states, subject to the caveat above. The pre-stress then appears through modification of the governing parameters, particularly (Eq. (2b)), which can be decreased to reflect stiffening of the parenchyma by agar or at high lung volume in vivo. The compressibility may likewise be affected so that the Poisson ratio of the parenchyma is likely to be higher in the lung-slice than in vivo. This pre-stress of course needs some far-field displacement or pleural pressure condition to be established. Based on the experimental protocol for lung slices, it seems reasonable to impose zero displacement boundary conditions for the small perturbations, even if other conditions were used to establish the base state. For example an inflating pressure, through injection of agar, would have a similar effect in the establishment of a pre-stressed state as an explanding pleural pressure in vivo.
Importance of geometry
Most of the experiments associated with the hypotheses above have been carried out on isolated strips of ASM or individual cells. We have shown, however, that the annular geometry of the muscle layer plays a significant role in the heterogeneity of stress distributions; such distributions would not arise in cyclically stretched isolated strips of ASM. A molecular-level model (e.g. the Huxley-Hai-Murphy model (Fredberg et al., 1999) ) in which the shortening velocity is modulated by the stress environment (Wang et al., 2008) , coupled to our tissue-level model may well lead to results that are not observed in experiments on planar muscle strips; both contractile force density and shortening velocity will vary through the muscle layer as a result of the heterogenous stress distributions, which may further exaggerate stress heterogeneity.
Our axisymmetric model also ignores the complicated geometrical arrangements that arise when the airway wall buckles. Greater contractile forces would be required to cause a thick layer to buckle than a thin one (Zhu et al., 2008) . A soft submucosal layer internal to the muscle layer (which we do not include in our model) with a thin, stiff basement membrane would buckle into the patterns seen in histological samples of human airways (Ballantyne et al., 2007; Wilson and Li, 1997) . We note that buckling is not observed in mouse lung slices; this may be because of the absence of a soft submucosa ( Fig. 1) and perhaps the presence of a more compliant basement membrane. Our solutions for the muscle layer do not preclude the possibility of buckling of such a layer in addition to, and within, the one we model. Models that focus only on the layers internal to the muscle layer that allow for buckling into multiple folds, through this mechanism, have been developed previously. The study by Wiggs et al. (1997) was a finite-element simulation while Seow et al. (2000) prescribed the shortening of the muscle layer rather than predict it through mechanical considerations. More complex models based on non-linear elasticity theory for buckling of thick and thin-walled cylindrical tubes subject to external pressure have also been developed (e.g. Haughton and Ogden, 1979; Zhu et al., 2008) but have not been used in the context of airway narrowing. These additional structural layers that add further complexity (and realism) may be incorporated in future work.
Future studies should also address the limitations of quasi-static linear elasticity to account for time-dependent and non-linear effects such as stiffening or softening of smooth muscle cells (Krishnan et al., 2008) , the unique rheological properties of the muscle layer Nguyen and Fredberg, 2008) , material heterogeneity and anisotropy (axial and circumferential strain heterogeneity has been demonstrated experimentally by Sinclair et al., 2007) and experimental conditions such as the effect of friction from plates supporting the lung slices.
In summary, strain predictions from our theoretical model compared with data from agonist-initiated contraction in a lung slice show reasonably good agreement, in addition to which we are able to estimate the contractile force density and stress distributions through the tissue layers. Furthermore our model shows that during tidal breathing, and in particular as muscle layers grow through remodelling, stress distributions become highly heterogenous, with distinct regions of tension and compression arising in the muscle layer. Patterns of such distributions, which cannot be predicted using conventional approaches based on the Young-Laplace equation, are likely to have important implications, from a mechano-transduction perspective, for cytoskeletal and airway remodelling in asthma. Our model predicts that different types of remodelling lead to significantly different contractile responses and stress environments. Finally our model provides, for the first time, a framework within which the effects of both cellular and airway remodelling events on contractile response may be investigated through quantification of the relationships between local mechanical stress and cytoskeletal stiffness (on short timescales) and ASM proliferation (on long timescales). 100 % vital capacity. However for lung volumes between 20% and 80% vital capacity, estimates for * are slightly greater than * . This translates to values of E * p varying from 2.5 kPa to 25 kPa at 10% vital capacity and 100% vital capacity respectively. The Poisson ratio was found to vary between 0.15 and 0.3, with the minimum occurring at functional residual capacity (FRC). In contrast Hoppin et al. (1975) found Poisson ratios to be approximately 0.3 from studies on dog parenchyma. Lai-Fook et al. (1978) on the other hand found much higher Poisson ratios, about 0.4, and found that for a homogenous parenchymal structure (from excised dog lungs), treated as an elastic continuum, the shear modulus * is linearly related to transpulmonary pressure P * L (pleural-alveolar pressure) over a wide range of volumes such that * ≈ 0.7P * L . Stamenovic and Yager (1988) found Poisson ratios varying from 0.15 to 0.47 in airand liquid-filled rabbit lungs, with elastic moduli slightly higher in the air-filled than in the liquid-filled lung.
More recently, Okazawa et al. (1999) calculated bulk and shear moduli of excised rabbit lungs before and after treatment with carbachol (to induce bronchoconstriction) via measurement of lung pressure and volume. They found a roughly linear relationship such that * ≈ 0.5P * L . We calculate average values of E * p and p from their data, to find that average E * p varied from 0.75 to 1.5 kPa with increase in transpulmonary pressure before treatment with carbachol. After treatment with carbachol, average E * p varied from 0.65 to 1.5 kPa. The largest percentage difference in E * p occurred at lower transpulmonary pressures. The average Poisson ratio was found to vary from 0.44 at low transpulmonary pressure to 0.48 at high transpulmonary pressure, with the largest difference between baseline and broncho-constricted values occurring at low tranpulmonary pressure. These values (for rabbit lung) are much closer to the incompressible limit than those calculated for the human lung by Lambert and Wilson (1973) above. From the above data it would seem that, at low transpulmonary pressure (which is equivalent to low lung volume), the ratio = E * m /E * p ≈ 100 and is closer to 10 at higher transpulmonary pressures.
Surprisingly, elastance data for mice parenchymal strips (Faffe et al., 2002 (Faffe et al., , 2006 , measured by sinusoidal stretching, suggest Young's modulus values that are a factor of 10 greater than those reported for the rabbit lungs above. In both mice studies referenced here, elastance increased with increasing frequency of oscillation. Values of E * p for two different strains of mice were found to range from 14 to 16.5 kPa before treatment with ACh and from 14.8 to 17.9 kPa after treatment with ACh. It is not clear, however, if the stretches induced during oscillation on excised strips and those with inflation of whole lungs are comparable, and therefore, whether the Young's modulus measured in these two different ways can be compared in this way.
Typical transpulmonary pressures in humans vary from approximately kPa at residual volume to 0.3-0.5 kPa at FRC through to 2.5-3.0 kPa at TLC.
Maximal stresses of approximately 4-10 kPa are found to be generated within airway smooth muscle rings and bronchial segments excised from porcine airways (Gray and Mitchell, 1996) . Dynamic loading studies, however, suggest that in practice, tidal breathing prevents these maxima from being achieved. Thus the force generated during tidal breathing may be closer to half of this (Oliver et al., 2007) . At the cellular level Stamenovic and co-workers (Stamenovic et al., 2004) have found striking linear relationships between contractile force (increased through increasing agonist concentration) and cytoskeletal cell stiffness (determined via magnetic oscillatory cytometry) indicating that the greater the contractile force, the stiffer the smooth muscle cell. For example, at a frequency of 0.1 Hz, as contractile stress varied from 0 to 2 kPa, the shear modulus of the cell increased from 0 to 6 kPa. Relationships between dynamic changes cytoskeletal stiffness in response to applied cell stretch have been measured by Krishnan et al. (2009) (using traction force microscopy and optical magnetic twisting cytometry) showing a drop in cytoskeletal stiffness immediately after stretch followed by a return to baseline values in homogenous uniaxial and biaxial stretches, whereas the cells were shown to become stiffer in response to non-homogenous localised stretches.
From the discussion above we summarise in Table 1 in the manuscript the parameter values estimated for a central airway to obtain phyiologically relevant solutions. These are used in the governing equations (Supplementary Material) to determine stress and strain distributions which are discussed in Section 3.
